The analysis of De Bruijn sequences of non-extremal weight  by Hauge, Erik R. & Mykkeltveit, Johannes
DISCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 189 (1998) 133-147 
The analysis of De Bruijn sequences of 
non-extremal weight 
Erik. R. Hauge a,1, Johannes Mykkeltveit b,*,2 
aDepartment of Informatics, University of Bergen, N-5020 Bergen, Norway 
bRogaland Research, P.O. Box 2503, Vllandhaug. N-4004 Stavanger. Norway 
Received 5 April 1995; revised 10 November 1997; accepted 24 November 1997 
Abstract 
The de Bruijn sequences of order n are divided into weight classes. In [4] the symmetry group 
for each of these weight classes was defined, and a method for determining it was given in the 
cases of minimal or maximal weight. In this paper we generalize this method to find a subgroup 
also in the cases of non-extremal weights. We conjecture that the subgroup is equal to the whole 
group. @ 1998 Elsevier Science B.V. All rights reserved 
Keywords: De Bruijn sequences; Weights of de Bruijn sequences; Permutation groups; Equiva- 
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1. Introduction 
A de Bruijn sequence of order n is a binary sequence with period length 2” that 
contains all binary n-tuples. The binary de Bruijn graph, B,, is a directed graph 
with 2” nodes, each labeled with a unique binary n-tuple, and an edge from node 
T = (to,t1 ,.,., t,,-1) to node U = (ua,ul ,..., u,_,) if and only if (tl,t2 ,..., 2,-l) = 
(UO,Ul,...,U”-2). 
A circuit of period e in B, is an ordered set of distinct nodes {TO, rl,. . . , T,_i} such 
that Ti+l is a successor of Ti, i = 0, 1,. . ., e - 2, and To is a successor of T,_l A 
factor is a set of non-intersecting circuits that together contains all the nodes of B,. 
Thus, a de Bruijn sequence corresponds to a factor with only one circuit. 
Any function f : Z; H Z2 defines a subgraph of B, by including all nodes, 
but only those 2” edges going from a node S = (so,s~, . . . , s,_l ) to the node S’ = 
(SI,SZ,..., s,-,, f (5’)) for every S E Z;. It is well known that a necessary and 
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sufficient condition for a given function f : Z; H Z.2 to represent a factor is that 
it can be written 
f(zo, . . ., zn-1) = zo CB g^(Zl,...) zn-I), (1) 
for some function i E @, where @ = {g ) g : ZJ-’ H 22) (see, e.g., [2]). The weight 
of a factor g is C g(x),x E Zl-’ . We let D(n) be the set of de Bruijn sequences 
of order n, and D(n, W) be the set of de Bruijn sequences of order n and weight w. 
Clearly D(n, w) CD(n) C @, for any II, w. 
Each factor defines an adjacency graph. We briefly review that an adjacency graph 
is a graph where the nodes correspond to the circuits of the factor and there is an edge 
between two nodes if and only if the corresponding circuits in the de Bruijn graph 
contain two nodes of the form (so,si,. . .,+-I) and (SO @ l,si,. . . ,sn_l), respectively. 
This edge is labeled with the (n - 1 )-tuple (si, . . . , +_I ). Thus, an edge between two 
nodes represents a position where the circuits can be joined, while a loop edge rep- 
resents a position where a circuit can be split, if the corresponding function value is 
changed. Instead of using the (n - 1 )-tuples when referring to these edges, we will for 
convenience use the corresponding element in Zz,-, that has the (n - 1)-tuple as its 
binary expansion. A more detailed presentation was given in [4]. 
An element p in the symmetric group of degree 2”-’ permutes the elements in @ 
through the definition p(g)(x) = g(p-l(x)). For any subset K of de Bruijn sequences 
we let A(rc) denote the maximal subgroup of the symmetric group of degree 2”-’ that 
maps K onto itself. It is impossible to determine A(D(n, w)) by brute force methods for 
n greater than 5 or 6. The factor that is defined by g(x) = 0 is called the pure circulating 
register (PCR). A de Bruijn sequence of minimal weight corresponds to a spanning 
tree (ST) in the adjacency graph of the PCR. This fact can be used to determine the 
automorphism group for this weight class [4]. But as n + cc the fraction of the de 
Bruijn sequences which is of minimal (maximal) weight + 0. Therefore it is necessary 
to generalize the method of studiing spanning trees in adjacency graphs, to give results 
valid for de Bruijn sequences of intermediate weights. This will be the main purpose 
of this paper. 
2. The reduced adjacency graph 
To study de Bruijn sequences of intermediate weight, we need to generalize the 
concept of an adjacency graph. 
Definition 1. We let the reduced adjacency graph with regard to a factor g, RA(g), 
be the graph that contains the nodes of the adjacency graph of g, but only those edges 
x for which g(x) = 0. 
The number of nodes in the graph G will be denoted by n(G). 
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The adjacency graph of the PCR is denoted n. Each subset S of the edges in II, 




Similarly, each factor defines a set S by S = {X E Zl-’ 1 i(x) = 1). 
For this reason we will often regard functions in Qi as sets, and express their proper- 
ties by using set theoretic symbols. For example, RA(S) is identical to RA(g”), where 
6 is defined as above. It should be noted that IZ = RA(0). The number of nodes in II 
for a given n, is denoted Z(n). It is well known that Z(n) is given by 
Z(n) = i c $ (i) 2d 
+ 
where 4 is Euler’s &function [2]. 
For an adjacency graph, we know that each ST corresponds to a de Bruijn sequence 
and that each de Bruijn sequence corresponds to a connected subgraph. For a reduced 
adjacency graph, we have two similar facts: 
Gl: Every ST of a reduced adjacency graph RA(g), corresponds to a unique de 
Bruijn sequence. This sequence is generated by a function J satisfying g c 8. 
G2: Every de Bruijn sequence whose generating function 4 satisfies gc& corre- 
sponds to a connected subgraph of the reduced adjacency graph RA(g). 
Proof. A ST of RA(g) is also a ST of g’s adjacency graph. The edges chosen in the 
latter are edges that increase the weight of the truth table, and Gl follows. 
Any de Bruijn sequence 6 gives a connected subgraph of g’s adjacency graph. If, in 
addition g c 8, this subgraph will also be a subgraph of RA(g) and G2 follows. 0 
Definition 2. We define an adjacency class of de Bruijn sequences to be a set of 
such sequences that can be obtained as ST’s of a given RA(S). This set will be 
denoted K(S). 
Some of the ideas concerning adjacency classes appeared first in [7], although the 
name as well as the definition were slightly different. 
We immediately have a lemma. 
Lemma 1. All de Bruijn sequences in an adjacency class have the same weight. 
Proof. Any de Bruijn sequence in an adjacency class $3) corresponds to a ST 
in RA(S). Since all ST have the same number of edges, the lemma follows. ??
In particular, we easily see that rc(8) = D(n,w,i,), where wmi, = Z(n) - 1 is the 
minimal weight of de Bruijn sequences of order n. 
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3. Constructing de Bruijn sequences of weight Z(n) + 1 
We can now prove the first theorem. 
Theorem 1. Suppose S is a circuit in Il. Any ST in RA(S) gives a de Bruijn sequence 
of weight Z(n) + 1. Conversely, any de Bruijn sequence of weight Z(n) + 1 can be 
obtained as a ST in RA(S) for a suitable choice of the circuit S. 
Proof. Let the circuit S have length p. We have n(RA(S)) = Z(n) - p + 2, since 
changing the truth value table at the first p - 1 positions in S will join p nodes into 
one, while changing the last will subsequently split this node in two. The edge set T, 
which constitutes a ST in RA(S), will satisfy S n T = 0, since we have a reduced 
adjacency graph. The weight of the de Bruijn sequence corresponding to the set SU T, 
willthereforebe ISl+ITI=p+Z(n)-p+2-l=Z(n)+l. 
Now, suppose g is a de Bruijn sequence of weight Z(n) + 1. Such a sequence 
corresponds to a subset S, of the edges in II. Since IS’,1 = Z(n) + 1, while n(n) = 
Z(n), it must be possible to find a circuit S in II, such that S c S,. We claim that g 
corresponds to a ST in RA(S). Let ISI = p. The Z(n) + 1 - p edges in S, \ S must be 
a connected subgraph of RA(S) from G2 above. This subgraph must be a tree, since 
n(RA(S)) = Z(n) - p + 2. Cl 
Unfortunately, the adjacency classes rc(S) of weight Z(n) + 1 given by Theorem 1 
are not disjoint. For instance let n = 5, Si = { 1,3,9,2} and S2 = {7,11,5,9}, then the 
de Bruijn sequence (00000111110110101001100010111001) of weight Z(n) + 1 = 9 
belongs to K(S) n K(&). In the next section, we will show how to construct disjoint 
sets of de Bruijn sequences. 
4. Disjoint adjacency classes of de Bruijn sequences of weight Z(n) + 1 
Let Y = {ScZ,“-’ I S is a circuit in Ii’}. If St,& E P’, we say that St,& are 
linked if and only if the edges in S, \ Si do not make a circuit in RA(Si). We define 
%! = {UcZi-’ 1 U = S1 U&,Sl,& E Y and Si,& are linked}. 
Thus, % is the set of subsets of (0, 1, . . . ,2”-l - l}, we get when we take all different 
unions of two linked circuits in II. Note that we may have Si # Sz # Ss # Si and 
still Si U Sz = & U 5’3, but since % is a set each such union occurs only once. 
It is obvious that in order to be linked, two circuits in IZ cannot be node disjoint. 
However, having at least one node in common is not sufficient for two circuits to be 
linked. In ns (Fig. 1) we have that the circuits { 1,3,9,2} and {7,11,5,9} are linked 
while the circuits { 1,12,9,2} and {7,11,5,9} are not. In both these two pairs the 
circuits have a common edge. 
The two pairs of circuits {2,4} and {5,11,7,9} and {2,4} and (5,lO) are both edge 
disjoint, but have a common node. However, only the first pair is linked. 
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Fig. 1. The graph IIs. 
Clearly the information contained in the adjacency graph is insufficient to determine 
in general whether two circuits are linked or not. 
The next lemma gives a necessary and sufficient condition for two circuits to be 
linked. 
Lemma 2. Let&,& EYandu=ISIUS2 I. Wehauen(RA(S1U&))3Z(n)+2-24. 
Equality holds if and only if SI, Sz are linked. 
Proof. Let U = St U &, u’ = ISI 1 and thus 1 U \ SI 1 = u - u’. Suppose St, S, are 
linked. The edges in U \ St will not be a circuit in RA(St ) and these edges will 
therefore join into one node u - u’ + 1 of the Z(n) - u’ + 2 nodes in RA(St ), giving 
Z(n) - u’ + 2 - (u - u’ + 1) + 1 = Z(n) + 2 - u nodes in RA(U). 
If St, & are not linked, the edges in U \ 4 will be a circuit in RA(St ). Adding the 
last edge in this circuit will split a node and make the number of nodes larger than in 
the previous case. This proves the inequality in the Lemma. 
Conversely, if n(RA(S1 U &)) = Z(n) + 2 - u, the edges in U \ S1 must join nodes 
in RA(S1) so that their number is reduced by u - u’. This is only possible if the edges 
in U \ & do not make a circuit in RA(St ). 0 
As an immediate consequence of Lemma 2, we have that the property of two circuits 
being linked is symmetrical, i.e., the circuits St,& are linked if and only if &St are 
linked. 
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The following theorem shows how it is now possible to create disjoint sets of de 
Bruijn sequences. 
Theorem 2. Let Q be as above. We have 
D(n,Z(n)+ 1) = u K(U), 
CJEQ 
Proof. Define 
9 = u rc(U). 
UEQ 
First, from Lemma 2 we see that the set 9 only contains de Bruijn sequences of weight 
1 UI + #(edges in the ST) = Z(n) + 1, since for any U E 42 with IUI = u, the number 
of edges in a ST in RA(U) will be Z(n)+2 - u - 1. I.e. Ur,,% K(U) C D(n,Z(n)+ 1). 
In order to prove that 9 contains all these sequences, we let g be an arbitrary de 
Bruijn sequence of weight Z(n) + 1 and S, the corresponding subset of edges in II. 
Since S, contains two edges more than a ST in II, it must be possible to find two 
circuits 81, & with Si # S2 such that Si , S2 c S,. We claim that g E rc(Si U SZ) and that 
(g US2) E 9. 
The number of edges, es, of g in RA(Si U S2) satisfies 
eg = IS, \ (Sl U &)I = Z(n) + 1 - ISi U $1. 
From Lemma 2 we have n(RA(Si U &.))aZ(n) - ISi U 821 + 2. The edges of g in 
RA(Si U &) must represent a connected subgraph according to G2, and therefore 
e,an(RA(St US2)) - 1. 
Insertion of the values for eg and n(RA(Si U &)) gives this double inequality: 
Z(n)+l-ISiUS2l>n(RA(SiU&))-l>Z(n)-I&U&1+2-1, 
which is satisfied only when n(RA(SI U S2)) = Z(n) - ISi U $1 + 2. This proves that 
Si, SZ are linked and that the edges of g in RA(Si U &) must represent a ST. Thus 
D(4 Z(n) + 1) s ULrELPl K(U). 
Last we prove that 9 is a union of disjoint sets. For it is impossible for a de Bruijn 
sequence g of weight Z(n) + 1 to satisfy 
U,, Ur E 9, and VI # U2, since g has only two edges more than a ST in II. 0 
The theorem above gives us a set of reduced adjacency graphs with the property 
that each de Bruijn sequence of weight Z(n) + 1 corresponds to a maximal tree in 
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exactly one of these graphs. This may be viewed as a generalization of the situation 
for weights Z(n) - 1, where exactly one (reduced) adjacency graph gives the de Bruijn 
sequences. We formalize this in the next definition. 
Definition 3. We define a decomposition of a weight class D(n,w) into adjacency 
classes to be sets Ki, i = 1,2,. . . ,q that satisfy 
?? for each Ki there is a I’ C ZJf-’ such that Ki = IC( I’), 
0 U ,% = o(% WI9 
0 7Ci ;t lCj = 0, i#j. 
A decomposition into adjacency classes exists for each n, w, since we may simply 
let each Ki contain a single de Bruijn sequence. But we are obviously interested in 
large classes and we say that a decomposition into maximal adjacency classes is a 
decomposition that minimizes q. 
5. The general case 
We will in this section study arbitrary weight classes of de Bruijn sequences. The 
following well known result from graph theory will be needed. We cite it without 
proof. 
Lemma 3. The circuits in an undirected graph generate a vector space over Zz. This 
space has dimension e - v + 1, if the graph has v vertices, e edges and is connected. 
From this lemma we see that given a de Bruijn sequence g of weight 
Z(n) - 1 + 2i, i30, the edges selected from n have a circuit space of dimension 
Z(n) - 1 + 2i - Z(n) + 1 = 2i. Thus, we can clearly find 2i different circuits in n, 
such that each circuit is a subset of g. 
Lemma 2 is used to extend the notion of circuits being linked to any even number 
of circuits. 
Definition 4. A set of circuits {Si,&, . . . , f&i}, is linked if and only if the number of 
nodes in RA( V) is Z(n) + 2i - v, where V = lJt!, Sk and v = 1 VI. 
It follows from Lemma 3 that a necessary condition for a set of circuits to be linked, 
is that they are linearly independent. 
We now introduce a set “Iri that will actually be a set of subsets of Z;-’ . It is 
given by 
2i 
K = I’ C Zi-’ 1 V = U Sj,, {S’k}:!, is linked . 
k=l 
It is easy to see that Vc = (0) and Yi = Q. 
We now state and prove a generalization of Theorem 2. 
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Theorem 3. Let i be such that w = Z(n) - 1 + 2i is a possible weight for a de Bruijn 
sequence of order n. The sets n(V), V E fi give a decomposition of the set D(n, w) 
of de Bruijn sequences of weight w and order n, into Adjacency Classes. 
Proof. The sets x(V), where V E 6 and v = [VI, will only contain de Bruijn se- 
quences of weight be v plus the number of edges in a ST in RA(V), which equals 
v+Z(n)+2i-v-l=Z(n)-1+2i=w. 
We now prove that for any de Bruijn sequence g of weight w, we have g E n(V) 
for some V E fi. From Lemma 3 we know that it is possible to find a set of 2i 
independent circuits in the subgraph g induces in II. Let V c Z2n-l be the union of the 
edges in 2i such circuits. The number of edges g induces in RA( V) is Z(n) - 1+2i - v. 
We cannot have 
n(RA( V)) > Z(n) + 2i - v, 
since g must induce a connected subgraph in RA( V). But suppose we have 
n(RA( V)) -z Z(n) + 2i - v. 
Then it would be possible to remove some edges and make a ST in RA( V), thereby 
finding a de Bruijn sequence of lesser weight than g, but which still contains the same 
number of independent circuits. This contradicts Lemma 3 and thus proves that 
n(RA( V)) = Z(n) + 2i - v, 
and thereby that V E Y$ and g E n(V) as required. 
Now suppose that a de Bruijn sequence g satisfies g E tc(V’) II tc( V”) for 
V’, V” E Y$, V’ # V”. If we regard g as a set, this means that (V’ U V”) C g. 
Since g as a subgraph of n has a circuit space with dimension 2i and both V’, V” are 
unions of 2i independent circuits, we must have V’ = V”. This is a contradiction, thus 
rc( V’) II K( v”) = 0. 
This completes the proof that the set % gives a decomposition of D(n, w) into adja- 
cency classes. 0 
It will be shown in the following theorem that the adjacency classes defined above 
are closely linked to the automorphism groups A(n) defined in [4] (recapitulated in the 
introduction). 
Theorem 4. For any n,w the elements in A(D(n)) map the adjacency classes defined 
by “yi‘ in D(n, w) on themselves, where i = 1/2(w - Z(n) + 1). 
Proof. Since for any permutation p, and de Bruijn sequence g, we have that the weight 
of g equals the weight of p(g), the group A(D(n)) must be a subgroup of A(D(n, w)) 
for any n,w. In particular, A(D(n)) is a subgroup of A(D(n,wb,)), for any n. 
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In [4, Theorem 21 it was shown that the elements in A(D(n,w,;,)) mapped the set 
of circuits in n, on itself. 
Clearly, from the definition of K above, if two de Bruijn sequences 91, g2 belong 
to the same adjacency class, they contain the same circuits and therefore their images 
p(gl), p(g2) will also contain the same circuits for any p E A(D(n)). This proves the 
theorem. 0 
In fact, when n <5, the stronger result holds according to [7], that the elements in 
A(D(n, w)) also map the adjacency classes of that weight on themselves. We therefore 
make the following conjecture. 
Conjecture 1. For any n, w the elements in A(D(n,w)) map the adjacency classes 
defined by fl in D(n, w) on themselves, where i = 1/2(w - Z(n) + 1). 
Theorem 4 is useful in order to determine A(D(n)). 
4Wn)) C A(W, Wmin 1) n A(D(n, wmax)), (2) 
The group on the right hand side may be determined by [4, Theorems 2 and 41. Let 
VO be an arbitrary member of one of the sets K. A(Vo) is determined by theorems 
analogeous to [4, Theorems 2 and 41. Any element in the right-hand side of (2) which 
fixes VO and does not belong to A(Vo) may be excluded as element in A(D(n)). 
Similarely a proof of the conjecture would make it a useful tool for the determination 
of A(D(n, w)). The intersection of the automorphism groups for all the adjacency classes 
in D(n, w) will be a normal subgroup of A(D(n, w)) and any element in the quotient 
group has to permute the Adjacency classes in D(n, w). If the conjecture is false, only 
a subgroup of A(D(n, w)) can be determined in this way. We think, therefore, that the 
settlement of this conjecture is an important issue for further research. 
6. Larger adjacency classes of de Bruijn sequences 
In this section we will see that larger adjacency classes can be found. We first need 
a lemma. 
Lemma 4. Two circuits of length 2 in l7, are never linked. 
Proof. The lemma is obvious if the two circuits of length 2 in IZ, are node disjoint. 
It remains to prove that whenever two circuits of length 2 in n,, are adjacent to the 
same node, the situation in the factor is as depicted in Fig. 2. If the factor is changed 
according to the four edges, we see that we still get three separate circuits and therefore 
Z(n) circuits in the new factor, and equivalently, Z(n) nodes in the reduced adjacency 
graph. We will prove the stronger result that for a given circuit in the PCR, any two 
vectors involved in a double adjacency will be symmetrically positioned on each side 
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Fig. 2. A circuit in the PCR with two double adjacencies. 
of an axis which is fixed for the circuit. This will clearly imply that the situation in 
Fig 2 is indeed always the case. 
We first introduce some notation. The reader is referred to [3,6] for more com- 
prehensive accounts. Let T = (to, tl, t2 , . . . , tn._1 ), be a binary n-tuple, we define its 
conjugate, f, by 
f = (to, t1, t2, b 9 * * * 9 tn-2, h-1 >, 
where i = 1 -t. The pth successor of T in the PCR, (tp,tp+r,. . . , &,-I, to, . . . , t,_l), is 
denoted T,,. Furthermore, we let the successor subscript have higher precedence than 
conjugation. Thus 
fp = (~,tp+l,...,tn-l,tO,...,tp-l), 
while 
(0, = (tp,t,+1,..., Ll,GA,...,$J-1). 
Suppose that the two vectors T and U = Tp are involved in a double adjacency, i.e., 
f and fi are on the same circuit. This defines q uniquely, where 
mp-$3 = &I, 
and 0 < q < n. 
From [6], we know that each double adjacency has a d-value such that we can write 
i” = 00, tl, t2,. . . , k-1 1 = OoJX t4, ku, . . . , h,-J% 
where D is a block of d - 1 digits and d = gcd(n, q), d/p, 
1. Furthermore, from [3], the coordinates ts,td,tu,. . .,t_d must 
relations 
(3) 
and gcd(n/d, n/p) = 
satisfy the following 
to # f4 = t2q = . * * = tp-q # I, = * * * = t_, = to, 
where the subscripts must be reduced modn. 
(4) 
For a vector T = (Ao,Al , . . . ,k&+j-1 ), where each Ai is a block of d digits, the 
mapping R-d is defmed by 
n--d(T) = (Ao,An/d-l,An/d--2,. -. +‘b,Al). 
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In [6, Corollary l] Mykkeltveit proved that we always have that ?t_d(T) = U, when 
T and U are involved in a double adjacency. It is easy to see that n-d(T) = U =S 
x--d( Td) = U-d. ThUS the 71-d mapping hIplieS that the n/d VeCtOrS T, Td, TX&. . . , T-d 
are symmetrically positioned on each side of an axis passing through the center of the 
circuit containing T and U in the PCR. 
It can now readily be seen that any other adjacency pair with the same d-value must 
belong to the set of vectors {T, Td, i”zd,. . . , T-d} and thus must share the the above 
mentioned axis of symmetry. However, it may happen that adjacency pairs on the same 
circuit have different d-values. We will show that they still share this axis of symmetry 
by proving that this axis will always pass through the center and another fixed point, 
which we will call the Center of MUSS for the circuit. Thus, we will use some ideas 
and terminology from Physics, related to the method invented by Mykkeltveit when he 
proved Golomb’s Conjecture [5]. 
We draw the circuit containing the vectors T and U as a circle and assign to each 
vector a mass equal to its first coordinate. Thus the position of T gets a mass of weight 
to, the position of TI gets a mass of weight tt, and so on. The relative position of 
these weights around the circle will clearly be the same regardless of which double 
adjacency pair we choose from the circuit. 
Now, we must first show that the center of mass does not coincide with the center of 
the circle. Assume the contrary. From elementary physics we know that according to 
the law of addition of moments, we can consider the D’s in (3) first, and subsequently 
add their sum of moments to the sum of moments from the rest of the coordinates. If 
we have d > 1 and D # (O,O,... ,O), symmetry considerations give that their center 
of mass coincides with the center of the circle. Therefore, by hypothesis, regardless of 
the Vahe of D, the center of mass of to, td, t2d , . . . , t-d must lie in the center of the 
circle. Let vi be the position vector from the center of the circle to the weight ri. From 
(4) we have that 
k 
c ujq = 0, 
i=l 
for some k, 1 <k < n, if we assume to = 0. (If to = 1, we get a similar case.) The 
subscripts must be reduced mod n. If we rotate each vector an angle 2Ilq/n in negative 
direction around the center of the circle, the sum should still be = 0. This rotation 
moves each vector vi4 to the vector u(i_t)q, thus we would also have 
k-l 
c 
Uiq = 0. 
i=O 
But this is impossible, since subtracting the last equation from the first gives y. = rk, 
which violates the relations 1 <k < n. This contradiction proves that the center of 
mass and the center of the circle are distinct and that the situation is as depicted in 
Fig. 3. 
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Fig. 3. The symmetry axis for the circuit containing the double adjacency pair T and (1. M - center of 
mass. C - center of the circle. 
We now prove that the symmetry axis set up by the mapping k-d passes through 
both these points. According to the equation x-d(T) = U, we have that to = tp, td = 
tp-d, . . . , t-d = tp+d. From obvious symmetry considerations, the center of mass for 
these weights must lie on the symmetry axis. Together with the fact that the center of 
mass of the D blocks (if any) coincides with the center of the circle, we have that the 
symmetry axis must be incident to both the center of mass and the center of the circle. 
Since these two latter points are fixed and distinct for each of the circuits in the 
PCR containing double adjacencies, the axis of symmetry must be the same for all 
double adjacencies on one circuit regardless of their d-values. This proves that no two 
double adjacency pairs can interfere with each other and thus the lemma. 0 
This property of IT,, allows us to merge many of the classes defined in Theorem 2 
as shown in the next theorem. The set Y can be divided into two sets 9” and 9”‘, 
where Y’ contains exactly the circuits of length 2. 
Let @ = 9” U a’, where 
%!’ = {UcZJ-’ 1 U = S1 USA,&,& E 9” and St,& are linked}. 
Theorem 5. The sets K(U), U E 6 give a decomposition of D(n,Z(n) + 1) into 
adjacency classes. 
Proof. Each set rc(%), 5 E 9’ satisfies 
& = u K(U), 
SCUW 
and the result follows from Theorem 2 and Lemma 4. 0 
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Example. When n = 5, we have that Z(n) = 8 and the number of nodes in the adja- 
cency graph of the CCRs, Z*( 5) = 4. This gives the four possible weights 7,9,11,13. 







The set Y’ = {{l,8},{2,4},{3,12},{5,lO},{7,l4},{ll,l3}}. The cardinalities of 




K({3> 12)) 192 
K({5,10)) 0 
Kc{79 14)) 168 
K({ll, 13)) 128 
Sum 784 
The 960 - 784 = 176 remaining de Bruijn sequences of weight 9 belong to the 
adjacency classes given by @. 
It may happen that some of the adjacency classes in a decomposition are empty as 
is the class rc((5,lO)) above. This is due to the fact that the corresponding reduced 
adjacency graph is disconnected. 
We can use Lemma 4 to construct large adjacency classes of de Bruijn sequences of 
many weight classes. These classes are still disjoint, but do not exhaust the respective 
weight class. 
Theorem 6. Any two distinct subsets T,P of the 2-circuits in Il, will give sets of de 
Btuijn sequences, u(T), K(P), that are disjoint. Moreover, if the number of 2-circuits 
in r is y, the weight of the de Bruijn sequences in K(r) equals Z(n) - 1 + 2~. 
PrOOf. Suppose r = {ai,, fli, } U . . . U { Cti7, /Ii,} is the union of a subset of the set of 
2-circuits in II,. 
We first prove that @A(T)) = Z(n). From Lemma 4, we know that no two 
2-circuits in JI, interfere with each other, in the sense that any 2-circuit (ai,/3i),i # j 
in II,, is still a 2-circuit in RA({ Ctj, /3j}). 
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In fact, it is easy to see that the graph RA({cqi, pi}) for any j has the same property 
with regard to the 2-circuits as L’. By induction, we have that no two 2-circuits in an 
arbitrary set I’ of 2-circuits, will interfere and thus n(RA(T)) = Z(n). This proves that 
the weight of the de Bruijn sequences in rc(r) equals Z(n) - 1 + 2y as stated in the 
last part of the theorem. 
As for the disjointness of rc(r), K(P), we can without loss of generality assume 
that there exists a 2-circuit {CQ, bk} 2 r that satisfies {CQ, /?k} $ r’. Every de Bruijn 
sequence in K(T) will contain {cQ,/_&} while none of the de Bruijn sequences in P 
will contain {ak,pk}, since every such sequence correspond to a ST in RA(P) and 
does not contain any circuit. This proves the first part of the theorem. 0 
The de Bruijn sequences obtained by choosing some subset r of the 2-circuits in 
n as in Theorem 6 have some symmetry properties that should be mentioned. In [4, 
Theorem 11, it was shown that the permutation group generated by all transpositions 
of the 2-circuits was a normal subgroup of A(D(n.wtin)). We denote that group simply 
by T(ap) in the next Corollary. 
Corollary 1. For any subset r, of the 2-circuits in l&,, T(a& is a subgroup of 
A(W)). 
Proof. We will prove the Corollary by showing that any transposition p = (clk,/?k) 
is an element in A(lc(r)). For suppose that g E rc(T). If both, or none of ak,bk are 
elements of g, it is trivial that p(g) = g. And if exactly one of ak,/$ are elements 
of g, then p(g) E x(r), since we get another ST in RA(r) when ak is replaced by 
fik or vice versa according to Theorem 6. (If {CQ, /&} $r, ak, /& must necessarily be 
adjacent to the same two nodes in RA(T).) Cl 
It is a possibility that Corollary 1 can be exploited further, for example in generating 
de Bruijn sequences, since the 2-circuits in n have been thoroughly studied and an 
explicit description has been found [6]. 
7. conclusiolls 
Now that decompositions into adjacency classes have been shown to exist for every 
order and weight class, some topics for future investigation can be given. 
We have shown that it is possible to find a set of graphs such that the maximum 
spanning trees correspond exactly to the set of de Bruijn sequences of the given order. 
Given that many algorithms for generating de Bruijn sequences are baaed on finding 
trees in n, it may now be possible to extend some of the algorithms such that they 
can generate larger sets of de Bruijn sequences. 
The de Bruijn sequences within one adjacency class can be studied separately. It 
would be interesting and possibly of great value to know whether such sequences 
shared properties that are not valid for larger sets of de Bruijn sequences. 
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There is a close connection between a decomposition into adjacency classes and the 
symmetry groups for de Bruijn sequences (A(D(n)),A(D(n,w)). These groups were 
first defined in [7] and further treated in [4]. If the conjecture is true A(D(n,w)) 
is completely determined by the permutation group it induces on the set of disjoint 
adjacency classes ({ Ki, i = 1,2,. . . }), and the permutation groups it induces on the set 
of de Bruijn sequences in each of them. Under the same assumption the classes in a 
decomposition into maximal adjacency classes will be a union of the adjacency classes 
in any decomposition. It may be desirable (if for instance for some practical purpose 
the adjacency classes are too large and the subclasses A(D(n,w)) induces on each of 
them are too small) to study A(Ki), and this can be done by the methods in [4]. 
We have not been able to find decompositions into adjacency classes that we can 
prove are decompositions into maximal adjacency classes. This is a problem for further 
research. 
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